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When | was younger; | learned that enn  diggrams  were a

hdpful way of visualizing sefs.

(©

Later, when (earning point- set topology, | extend this
to picture open subsefs of o topological space

J—
OK\W subsef



[t helped me understand and "see’ propertieSs of open sets.

"opaness” (s indicated by
/ ¢ : u
bulging out

the intersection of two open

this (s not open sets (s opun (bulgy)

(not bulgy)



This required refining my nefion of ‘bulginess” to make it work.
Ch
X s both —
dosed s o @v
in .

But once o worked, o worked pretty well.



Semething similar works in Unear algebma.

a first =
approximption : O’\/gma\lof VeLhor space

So how do We hordwie guohents info the picture”

One possibility: by infurpreting the quotient A/p as the complement of

bulgy, shope B In buloy shape . I
5@%

We visually encode that © [ 0 subspace of 1, and Ap 1S & ouotient of



Once things ger sufficiently complicated, it becomes hard to draw bulges.
mstead, we use the metaphor of )jigsaw puzzles

| |
‘ AR

| also lLike to picture the ‘subs’ as at a higher

elevation than the “quotients’, with water gently
towing  downnill from  "sub” aress o “quotient” areas

AR

T=




We can also  deorate the regions, for example by dimension,

| |
B A

% |2 4

o hae, dwn fF= ‘

Dimension is additive by vegion

Hee w see that i U, ond U, pr subspaces of & vector space W, then
dim (Jah) = dinl, < dinV, - diim Va

(&



This works more generally  —for—obekioh—oroups
lor—mosuttr—over—a—givA—ring

b cbjeck in an obelian cafegory,

In order to not distract you with fancy words, |
will ue the language of abelion groups, but you wmay sewretly
pretend that we are telking m as much  gnerelity as you  {eel
comforioble  with .



Here (s an abelian group /1, with & subgoup B, and the

torresponding guotient aroupd C.

c\A

T N

[ F=B&C, we might insfead draw

= =B

b~ \C




Hoe TS @ Lw@ﬂ/\ e (’A'l’rrodwh of f 0 c C ¢ c fr.
It is also, basically immedioteW, a pichur of 1

“Third |somorphism Theorem "
1€ cecbeh, Wen Y cN  ang b s canonically identified with P‘/‘/,C.




To summanze,| we have o picture:

along with sowme (sbels

A

whidh. tell us which combinations of pieces ‘we can discuss”
(or if you prefer, o which WL ascrde meaning):

C ‘ AL
— A/

 — /C A

which in turn encodes rvelationships among these groups.



Here s a |goup homomorphigm| ¢ X —
— X

N\

) F
Optical illusion:
You miogt see ths as an identifrcation of A quottert goup of A with
g subgroup of Y. But that's the some Humg, Bnt 7

omesoort: I the picture, label krd and imd.
Notice the kirst tsomorphism theorem X/kmrtt = mg M oukat you ol



Important Feotuve / Cantion:

There is no  oblect Hhat 5 the “union’ OQ X ana (corresponding to all
three puzile pieces at onced.

The only shopes yu ore ollowed o discuss are parts (subs and quotients)
of those shawn (X and 7).

To make this clearer, notice the difference befween what s depicted
n the two pictures we have just discussed.

E ETD

m
i




Ropriori, the worination sounds guite different —
o g tree filhaton | s

Bur T now see that the only reol difference s that in the second
pictuve, we are not asserfing e existence of an abadion group
correspording 1o the union of all fhree preces.

So for example, we can immediately toke a
and obtaln a homomorphism of oabelion goups, ond we el

precisely what Inkormation we have lost by this change ™ point of view.



. . o /
Here is o piciure of [twd morphisms H\C

Question:  (an wou see 9, / ( ?

Notice:

[ ant draw @& picture of a triangle ’9< C{ that doesn’t commute

because T cannot draw two different maps A — C in this way.




Put | w@n cvad a [commuiing triangle

Here is a composition of two morphisms R—D—(,

or equialently, 4 commuting diagram A : |
C

Why did | draw @ this wayT

Why not more (ike & trvditional Venn dizgram” -

It sn't because the regions are  depicted os
circles — that (sn't  relevant.

(One clue- count the small regions)



Notice that this picture needs to be “two-dimensional’, not linear.

Homewort:
Con you quickly describe each of the smallest” regions in tums of
i, 0, and C, using kermels pnd ookernels of the maps in the

L

commutotve diggram ¢ (Fest you will have © give them wnomes, of course.)



Whenewer you see & commuhing trigngle, yeu should forevermore,
‘o’ this piduz. (and you will immedrately see all the

relevont subq‘ub'tfwt ot Q)V\c,t).

20w Gunuwed
0 7%, fyopawws p)nays veh ‘aunypid i 99 noh anauaym



Homework:  How would yeu draw R —5—-C if you mew
turther thet it 5 & complex, e that the womposition

fs(C (s 2007

Wiagt iﬂ fur thermore & werp awdk, . hat
ker (B =im(A-D) T

(No fair Llipping aheod")



Here is & commuting square -

l | or, if you prefen, ﬁ
- C Hi

(TV\'&S was quite tricky to think through!)
Happily, this is stil a picture we can dmw in fwo cimensions!

Whenewer you see & commuhing square, yeu should 2o this pidure
(and  you will immedrately see all the relevant subguotiens of
oNneL).

2Jombs buipnwwed
0 705 fayupowuws pyays neh ‘aunpaid iy oS noh rnauay



b W alreacy draon o

Here s a|longer exact sequence:

[

4

Cc'(' \
—
(41
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Perhaps | should have said this i the opposite order:

Given on exact sequence
-\

L o e e

| Degin to visunlize it as:

- TS S S

| then put the pieces together (using owrlops to  encode re(pfionships)

im di:2= m 4= - W d,ift— im d“";z.-
urd lord® [ d P ek

- ~N 4

CC-(- \
—\
(A

C

—

X
C




Here is the snake (emme,
n a fl'dg Little. packagez

In more cetail:




This s more than an illustration of relationships.

Youw can tum this into o formal algebraic proof of the snake |emma, by
defining what eodn piece means, and showing that they hawe the
relationships that the pictures  depict:

Jow might begin:

@ (abter showing ker (=D IS
a subgroup of ler (B-C))
and confinuing. It isn't vostly simpler than just proving the snake
lemma, ‘traditionally but i puts everything o perspectie. For erample,

you will recognize the well- camoublaged piece g‘;' s really the
star of the show.



Let uS now draw & complex:

. i'\ ¢ ("\ o
- \ L
L e ) cWt .

| Degin to visunlize it as:

e~ e -

and | put the pieces together (ovirlapping o bit less than be!om) to get

_J [ -

| - V

INININININY

-\ (40
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Ican't help but give names 1 what | seL:
co\erdi'z colar i coker d' coker 0!

Y

ke o gt el ke d®
Sl el ol il el
S ——
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C C
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We have accidenfally discovered cohomology os well as ...



We st the important short exact sequance

0O — — Wd( — HL — 0O |
(the fraditiongl definition of H')

but also | |
6o H = wked” - - 0
(s equally important but much-neglected “mirror inage")

We also have up frowt in our CoNSUOUNESS:

O — — — U)kefc‘:(-(—v O

(:ﬁ‘ iIck question:  we see the kel ond the olerne|.
We see the . Where s the ?>



Until now, | never reslized that every complex gives a
"kornel-okemel” gIACH seqUeNCe:

= Keed" - ookard - lerd' — cover ¢ = kerdt'o ...

which doesn't seem immediately useful, but certainly brightens my doy



If we have a morphism of complexes, there & (n induced

orpltsm of cohomoloqy groups| Ve can show tiis by writiy dbwn

Glagore and siunfflng symbols. Bud it helps to lsok at #ars pcture first.

(™ en | (How to build it:
L | ) / notice the tuo  ommyding
— = | squares and olso e fwd

trge- tuem  compleses.)

The puzzle connectors are omitted for oesthetic reasons, but the brows' always go

“rignt” and ‘down".  Here (s the ‘puzele picture” f




We immecliately see the wap of homologu:

| | = oen by

Notice ow “small” the image of this map &' )




let us now derive  the |long exact sequence in (ohomology | ansing fom

p short exact sequence of complexes:
0 o © o© 0

! ! l | !
o BVI-Z_. Bn—l_; Bn . Br\-H-A Bn-\—‘Z_.

! | oo !

SRS (o T B B S B CC
!

] | | v

| ! oo l

o 0 0 O 0
o do tars by starting it the complex for the C's
c""'l N eML

~ —— ~——

—_—

Cﬂ -\ CYH I



WL then note thot each. C" has a (wo-term)  filtration

0B =™ =1 —o sothat the differential
d": " (" maps D" 0 B, therdey  ensuring thad-
e & awd D sequences are complezes.

fou might want to c(epl‘d' the Lltrahon ke this: V

ey ner
—~—  —& (Notice the
— — — — snoke  lemme
- — — __—— sidewowys.)
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The lovg tract sequence in coomology wow becomes visually chear :

Here s our short exact sequince of - camplexes, with the shawolequ grougs
of each highlighted:

4—%4—0

\
x(l
%V
\




The maps en coomology new visually/ pickomily aive you eur desired

long evoct seouwence.  You wmight now prefer (t depicted thus:
c"\‘\ C’\* \
M —_——

_ B

\/V\/
e

~———

c/'\

\/N"_—/

c’l\'f l

Pictorad proo/construction of the long exack sequence in cohomology
arising_from & short exact sequence of complees.



To twrn s to & proof that others w@n understand, you
need oml_o) fum the bollowing into alachm, and prove them:

/= O
Q

e B




fis o grond fivale, we see why/how spechral sequences work.

Thie is a oenevalization of the long exact sequence n onomology,
but” will be more complicated.

c ""2 QA c'\“ \
-~ = -~ /_-’\ f\'ﬁ-_\

Suppose we hove 0 comdlex

Cﬂ -\ Cm I

and. The complex is "liltered”.  For simplicity, (et us foke o
four-step  filtrakion. Yow will see how the ogneral cose works  from

tis.  Having o four step filbration  means thot we have a filtration

1

o c Fthe FC < FCe PC e FCN= C



We will clearly wount to pidure this oS sovne/ﬂ/\iv\{é e

i P{ } F’ ZF"

\/-\f P
N\
C

We want to draw thus <0 that d“(FS(;“) e FicM
but we need to keep track of the ways wn which d“@(,") mests
s for ken os well

You way womt fo pomder this & bif
before seeing how T do it



It turns out Bt the right way to draw the filtration ]
on ("N Tc somevluig essenfially Like this: '\F?\cf
AN

or

Ve

Fch
FoCt
FAcN_cn  In both coses, F 1S on the left.

In general, “subs’ are on the

left and "quotients' are on the right.



Here then (s what the filtered complex looks Like.

KX

- o n+
N d o d



Here are three cohomology groups, highlighted, corresponding 1o the
part (subguotient) of C" not owerlapping with ¢t or ™!

They come with an obvious filtration.

PHY PR PN/ FRn

The “output” of the spectral sequence process will be the “parts” o@
the filtration FIH"/FITH™M



We begin the process |with the “subquotient” complexes, FiC*/Fi' ¢
s 1> “page o of the pectral sequemce (E,). Here they are, pictorally.
> | The obvious maps

Fe* | Detween the spaces
(indicated by errows)

5 cleosly destribe @
FCe- ; ) Sries of complees
We take the
ohomo(ogy of these
Fg(/y? . ) > | complexes to obtain
Fc the first poge of
the spectral
sequence, £




Here (s the Lirst page E,, with the entries displaged in a simlar wauy.

We now have new naturel “dagoval” morphisms, clearly (pictorially) yielding complexes.
O

O
cmyl- \/
XA



We now take cohomology of these complexes, obtuining the sewnd

page E, of the sequence. Now new arows have revesled themselves.
00 0 O

F'C’ \ / f
w NS
e A%
s x /
0 o Y%



We now take cohomolpgqy of these complexes, obtnining the third
page B, of the sequence. Now new armows have revesled themselves.

O 00 O
' / ‘ Two of our
Fc* % ; four pieces of
H'(C) have
olready

PO % & converoed
F3671 . % \y
F *C'/Fac % f

O 00 O



We now take cohomology of these complexes, obtnining the fival
page E,. We have {owd the desired pieces of H'(C)!

| ° &é ‘Hn."
= —

%/ _—

PO % V4

F 3(%,2 . % //

F ’(C'/FBC % &



If we look closely, we con ¢ what made thus procedure work.

We label some of the regions o5 Jollows.

By the p"“ POgL EP, we how surgieally removed ofl the pieces @i3



You can now figure our how to twn this into a proof,

by predicting eoch entvy on He p* poge, observing that the desired
orrovs exst, amd e ShOWING thF e et complexes ot the

desiredt cohomo (oay,

Here (s most of the proof..



You will see that you are forced to interpret/define:

kQI'(Cne FqLICW
~ m (F"C™) 0 PR+ ke () PN q PR

| : tll this . o,

q

77 (Homework)

FYHN

n ren
V\Q\'@ > NnF C CO.U. ﬂms 'Br’bql
” im(a™"Y NF ¢« ker@") 0 FOIC?

My point is that these crazy formulos no longer appear out of nowhere —

they are just tramslations of wry reasonable pictures.



Now describe each entry on each page of

yow spechrol seguence 08 some Frr;]>> 0

Then desuribe /prove three chort exact seguences i
/——\,I 7P .

O — ﬁl",p —s hr"qu — ﬁr_lzwq'—'O —= — —
Orp  Priapag
-~ r\rzp>,Q+| = hrapzq ~ @Daq —° — """
Fzp2 g+l Gp,q
N 0O — — — — 0

hese are not <0 hard to discover or prove
now that we haw the right definitions.

Then toke some time to put the pleces together Uterally.



To sum up:

Depicting mops of wvector speces, obelian growps, modules efc.
in o visual woy makes many things much wore fransparent,

by offlading subtle ond intricate relafionships onto our

well-devoloped  spacial infuition.




Ponus Materiol

If wou look closely o the Ey page, you will see that essentially
the only way to recover the fltered pieces of the cohomology of
the original complex is to do precisely the pctions demanded
by the spectal sequence, amd precisely i that (partiaf)
order



I. Second, you see precisely the information contained

in each page of the <pectral sequence.

To pur o more precisely, there is o cotegory &, for each

page p of the spectral sequence (corresponding precisely 0 our

th

picture of the p~ page), and functors

Filtered Complexes @, €, g, g, q o q.



You might then notice that the categories g

ore all basically the same

i{ you arefully regrude.  So we actuplly hae a “spectrad
sequence. poge” cateqory, and each turning of the page”

s doing the same thing

| Gr
Filtered compleves —  Fage category <) d

(fou need to be carefw! to see how to extract the ‘lmit”)



This point of view also answers a queshion | have always had

about the precise meaning of theorems about spectral sequences.

Many theovums say “there is a speda! sequonce with second page givem
by sudh-and-such, uhich obuls o something we wamt to understand.”

| wanfed to really understand the weaning of the theorem. We had
the €, prae, and s arroun, ot there s some additional information
in ocdition, that detemines the orrows on the lafer pages Now we know
the answer. It is precisely the inorwation in Hu "E, picure’,  which meludes
te formation of which collections of pieces wr are “allowedt fo Wl abowdT




Hore s the wtormahon o the “Wl® €, page (n owr worked exampled.

This (s the informafion which should be in the stafement of such theorems.



Y Finally, we see easily what it is about the original filtend  complex

that makes the spectral sequence converge on page E,:

frspectral sequence converges ot E* if and only if
d( FJ.C') anCm\ _ dtr,b«\c/v\) N FICM» ;Or all ;\'ZL'”-



